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We evaluate the induced value of Newton’s constant which would arise in QCD. The ingredients
are modern lattice results, perturbation theory and the operator product expansion. The resulting
shift in the Planck mass is positive. A scaled-up version of such a theory may be part of a quantum
field theory treatment of gravity.
1. INTRODUCTION
The action for a pure Yang-Mills theory, such as the gluonic sector of QCD, is scale invariant. Nevertheless, a scale
enters the theory through the running coupling constant, which defines an energy scale at which the coupling becomes
large. The spectrum and observables of the theory will depend on this scale through dimensional transmutation.
In particular, when we include the metric as a field as we do in general relativity, QCD will induce a change in
the cosmological constant and in the gravitational constant G. Since the cosmological constant is related to the
energy density of the vacuum, the QCD contribution to it has a simple expression in terms of the trace of the
energy-momentum tensor
4Λind = 〈0|Tµµ|0〉 (1)
where |0〉 is the vacuum. The shift in the gravitational constant is given by the Adler-Zee formula [1–5] (to be reviewed
in Sec. 2) in terms of the correlation function
1
16piGind
=
i
96
∫
d4x x2 〈0|T (Tµµ(x)T νν(0)|0〉 . (2)
In this paper we provide a determination of the induced gravitational constant defined by the Adler-Zee formula in
QCD.
In gluonic QCD, the trace of the energy momentum tensor is given by the trace anomaly
Tµµ =
β(g)
2g
F aµνF
aµν (3)
where β(g) is the renormalization-group beta function of QCD and g is the (dimensionless) coupling constant. The
Adler-Zee formula involves the correlation function of F 2, which has been studied in the context of scalar glueballs. The
ingredients needed for the evaluation are then perturbation theory [4] and the OPE expansion [6–8] at short distance
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2and modern lattice glueball studies [9] at long distances. We match these contributions at an distance/energy scale
x−1 = X−10 = 2 GeV (in units of ~ = c = kB = 1, which will be consistently employed throughout the paper). While
there is some residual matching dependence, this procedure determines that the induced G is positive and evaluates
its magnitude to within about 30%.
While this calculation can be considered as simply a demonstration of a feature of QCD, there is potentially another
motivation in gravitational physics. Strongly interacting theories similar to QCD could occur at higher energies also.
There would be shifts in the gravitational constant also in such theories also. Perhaps the effective Planck mass
M2P =
1
G
(4)
is in fact determined by the strongly interacting theory with the largest intrinsic scale. This would occur if the
coefficient of the Einstein action in the ultimate theory of quantum gravity was smaller than the Yang-Mills scale
or absent altogether, as would happen in scale/confomally invariant gravitational theories [10–13]. So perhaps the
Planck scale is a manifestation of a high scale Yang-Mills theory. The fact that the QCD result comes out to be
positive is important for such a possibility. We do not analyse such gravitational theories in this paper, but we plan
to return to that topic in future work.
The outline of the paper is as follows. In Section 2 we briefly review the origin of the Adler-Zee formula. In the
subsequent section, we collect the various ingredients for the evaluation. Section 4 is devoted a numerical evaluation
as well as a discussion of the uncertainties. In Sec. 5 we provide a summary. The Appendix is devoted to reconciling a
(previously unnoticed) discrepancy in the literature involving a related sum-rule formula for the cosmological constant,
where the works of Novikov et al [6] and of Brown and Zee [14] yield sum-rules that differ by a factor of two.
2. BRIEF REVIEW OF THE ADLER-ZEE FORMULA
Here we review the induced gravitational effects due to the matter sector of a quantum field theory coupled to
the metric. We take the Minkowski metric as ηµν = diag(1,−1,−1,−1) and the Riemann curvature tensor given by
Rλµνκ = ∂κΓ
λ
µν + Γ
η
µνΓ
λ
κη − (ν ↔ κ). We define the gravitational effective action by
eiSeff[gµν ] =
∫
dφeiSmatter[φ,gµν ], (5)
where φ represents generically the matter fields and Smatter[φ, gµν ] describes matter fields on a curved background.
The action Seff[gµν ] is a scalar under general-coordinate transformations. This observation allows one to represent it
as the integral over the manifold of a scalar density. Formally, for slowly varying metrics, one has the following series
expansion in powers of ∂λgµν
Seff[gµν ] =
∫
d4x
√−gLeff[gµν ]
Leff[gµν ] = L(0)eff [gµν ] + L(2)eff [gµν ] +O[(∂λgµν)4]
L(0)eff [gµν ] = −Λind, L(2)eff [gµν ] =
R
16piGind
. (6)
Our task is to derive representations for the induced cosmological constant Λind and the induced Newton’s gravitational
constant Gind in terms of the vacuum expectation value of products of the stress-energy tensor Tµν of the matter
fields. For a discussion on the conditions that Λind and Gind should satisfy in order to be uniquely calculable in terms
of the renormalized parameters of the flat space-time matter theory, see the review [4]. Here we consider a matter
Lagrangian - in our case QCD - coupled covariantly to the gravitational field. For weak fields the metric can be
expanded using gµν = ηµν + hµν . One finds
Lmatter[gµν , Aµ] = L0[ηµν , Aµ]− 1
2
hµνTµν +
1
4
hµνhαβτµν,αβ + ... . (7)
On the right hand side of this equation all the indices are raised and lowered with the flat space metric. The term
linear in hµν yields the energy-momentum tensor and there is a term quadratic in hµν also. The latter will be discussed
in the Appendix as it plays a role in the cosmological constant sum rule.
3The effective action for the gravitational field will then include contributions from the interactions of the matter
fields. Expansion in powers of the field hµν yields
iSeff[h] = − i
2
∫
d4xhµν(x)〈Tµν(x)〉+ i
4
∫
d4xhµν(x)hαβ(x)〈τµν,αβ(x)〉
+
i2
2!
(
1
2
)2 ∫
d4x
∫
d4y hµν(x)hρσ(y)〈T{T¯µν(x)T¯ρσ(y)}〉+O(h3) (8)
where 〈. . .〉 = 〈0| . . . |0〉 denotes vacuum expectation value and T¯µν(x) = Tµν(x)− 〈Tµν(x)〉. The above expression is
very similar to the usual expansion for the generating functional of connected correlation functions in quantum field
theory, as long as one envisages hµν(x) as an external field. As alluded above, the extra contribution coming from
the second term on the right-hand side is necessary for consistency.
Following Zee [2], at this stage it is most convenient (but not required [14]) to specialize to the trace of the
metric, using hµν(x) =
1
4ηµνh(x). In this case the action only involves the trace of the energy momentum tensor,
T (x) = ηµνT
µν(x). For long wavelength metric fields, in our case wavelengths longer than the QCD scale, we can
Taylor expand the metric
h(y) = h(x) + (y − x)µ∂µh(x) + 1
2
(y − x)µ(y − x)ν∂µ∂νh(x) + .... . (9)
The effective Lagrangian can then be identified as
iLeff[h] = − i
2
h(x)
[
1
4
〈T (x)〉
]
+
i
16
(h(x))2
[
1
4
ηµνηρσ〈τµν,ρσ(x)〉
]
− 1
16
(h(x))2
∫
d4z
[
1
8
〈T{T¯ (z)T¯ (0)}〉
]
+
1
210
(∂µh)
2
∫
d4z z2
[〈T{T¯ (z)T¯ (0)}〉]+O(h3). (10)
The terms without any derivatives of the metric are related to the cosmological constant. In particular the term linear
in h reproduces Eq. (1). The Einstein action involves two derivatives of the metric. For this form of the metric trace
we have
√−gR = − 3
32
(∂µh(x))
2 + ... . (11)
Comparing the induced Lagrangian with the Einstein-Hilbert Lagrangian, one finds the Adler-Zee formula describing
the QCD contribution to the Einstein-Hilbert action
1
16piGind
=
i
96
∫
d4z z2〈T{T¯ (z)T¯ (0)}〉. (12)
Notice that this sum-rule involves the vacuum-subtracted version of the energy-momentum tensor, and we will treat
this as being implied in subsequent work.
The Adler-Zee formula involves the two-point function of the trace of the energy momentum tensor, which we will
follow Adler and call ψ(x)
ψ(x) = 〈T{T¯ (x)T¯ (0)}〉 (13)
The Fourier transform of this gives the momentum-space correlator
ΠAZ(q
2) = −i
∫
d4xeiq·x〈T{T¯ (x)T¯ (0)}〉 (14)
In terms of the correlator, the induced gravitational constant involves the first derivative at zero momentum
1
16piGind
=
1
12
Π′AZ(0) (15)
In the course of evaluating the induced value of G, we will work in Euclidean space. The corresponding formulas
there are
1
16piGind
= − 1
96
∫
d4yE y
2〈T{T¯ (y)T¯ (0)}〉 (16)
and
1
16piGind
= − 1
12
d
dQ2
ΠAZ(Q
2)|Q2=0 (17)
43. INGREDIENTS TO THE SUM-RULE
The integration in the Adler-Zee formula runs over all distances. At long distances we are unable to calculate
analytically. However, this particular correlation function is related to one which has been used to determine glueball
properties, and has been studied on the lattice. We will use the most recent lattice work which yields the parameters
which we will need [9]. However the lattice studies do not probe the shorter distance properties. At the shortest
distance, the perturbative contributions have been calculated by Adler [4]. In the intermediate energy range, there
are QCD sum-rule techniques, dating back to the work of Novikov et al (NSVZ) [6], which use the operator product
expansion (OPE) to describe some contributions which are subleading to the perturbative contribution but still
relevant at moderate energies. We will seperate the problem into the long and short distance contributions. We tie
them together at a distance which correspond to an energy of 2 GeV.
After performing a change of variables x2 = t, we split the integration into an ultraviolet part and an infrared part
as follows:
1
16piGind
= −pi
2
96
(IUV + IIR)
IUV =
∫ t0
0
dtt2Ψ(t)
IIR =
∫ ∞
t0
dtt2Ψ(t). (18)
The high-energy portion IUV contains perturbative contributions coming from short-distance scales as well as terms
coming from intermediate energies which will be assessed through a operator product expansion technique as men-
tioned above.
First let us discuss the infrared part IIR. As discussed previously, it will be estimated within lattice methods. For
large Euclidean x, one considers that Ψ takes the form of the correlation function for a massive scalar particle:
ΨIR(x) =
λ2
4pi2
Mg
x
K1(Mgx) = λ
2
∫
d4p
(2pi)4
eip·x+ip4τ
p2 + p24 +M
2
g
, (19)
where K1(z) is a modified Bessel function, x =
√|x|2 + τ2 (τ is the “Euclidean time”), Mg is the glueball mass and
λ = 〈0|T¯ (0)|S〉 , (20)
is the glueball coupling, with |S〉 being the normalized scalar glueball state.
For the high-energy/short-distance component, IUV, we start with the perturbative contribution. It can be calcu-
lated directly in position space and where the form is [4]
ψpert =
Cψ
x8(log(1/Λ2QCDx
2))2
, Cψ =
96
pi4
(21)
where ΛQCD is the QCD scale parameter. We note the highly singular nature of the correlator at short distance,
especially the x8 dependence. In the evaluation of the Fourier transform and also the sum-rule, this will require a
regulator. Moreover, we note that by dimensional grounds the 4-d Fourier transform of ψpert into momentum space
scales as Q4. At first sight, this would seem to imply that the perturbative contribution to the induced Newton
constant vanishes, as that contribution is given by the Q2 term in the momentum space function, see Eq. (17).
However, that is not correct. When dealing with the physical correlation function, the perturbative result is valid
over only part of the x integration region. When treating the perturbative result in only the short distance region,
there is a non-zero contribution to the induced Newton constant.
Finally let us discuss the regime of intermediate energies. This can be investigated by means of the Wilson operator
product expansion of time-ordered products. For the power suppressed terms in the operator product expansion we
borrow from the work that has been performed in sum-rule studies of the correlation function ψ in momentum space.
The momentum space correlator of Novikov et al. [6] is simply related to the Adler-Zee one via
ΠAZ(q
2) =
b20
64pi2
ΠNSV Z(q
2) . (22)
5The work on the operator product expansion of ΠNSV Z(q
2) in pure QCD (Nc = 3) is described by [8, 15]
ΠNSV Z(q
2) =
[
a0 + a1 ln
(−q2
µ2
)]
(−q2)2 ln
(−q2
µ2
)
+
[
r0 + r1 ln
(−q2
µ2
)]
〈αsF 2〉
+
[
c0 + c1 ln
(−q2
µ2
)] 〈gF 3〉
(−q2) +
d0
(−q2)2 〈α
2
sF
4〉, (23)
where 〈(· · · )〉 are gluon condensate terms
〈αsF 2〉 = 〈αsF aµνF aµν〉
〈gF 3〉 = 〈gfabcF aµνF bνρF cρµ〉
〈α2sF 4〉 = 14〈(αsfabcF aµρF bν ρ)2〉 − 〈(αsfabcF aµνF bρλ)2〉 (24)
and the various parameters appearing in Eq. (23) are given in terms of the αs = g
2/4pi
a0 = −2
(αs
pi
)2(
1 +
51
4
αs
pi
)
; r0 = 4αs
(
1 +
49
12
αs
pi
)
; c0 = 8α
2
s; d0 = 8piαs
a1 =
b0
2
(αs
pi
)3
; r1 = −b0α
2
s
pi
; c1 = −58α3s. (25)
The first (leading) term is the perturbative contribution. It can be improved by using the renormalization group and
asymptotic freedom, which allows a partial resummation of the power series of logarithms appearing in it [4]. This
will be briefly discussed below. In addition, the position-space forms of the various terms are defined by the Fourier
transform of momentum-space results.
4. EVALUATION
As above we begin our considerations with the long-distance physics. By inserting Eq. (19) in the expression for
IIR given in the third line of Eq. (18) and performing the associated integrals, one finds
IIR =
4λ2
pi2M4g
G3,01,3
(
M2g t0
4
∣∣∣∣ 10, 2, 3
)
, (26)
where
Gm,np,q
(
z
∣∣∣∣ a1, . . . , an, . . . , apb1, . . . , bm, . . . , bq
)
is the Meijer G-function [16].
For the UV contribution, we again start our considerations with the perturbative part, which we call ILUV. For this
we need to regularize the position space integral. We use two methods, which lead to the same result. The QCD scale
parameter is given by (at one-loop order)
ΛQCD(g(µ), µ) = µe
−1/[bg2(µ2)]
b =
1
8pi2
(
11
3
Nc − 2
3
Nf
)
(27)
where µ2 is an arbitrary subtraction point, Nf = 0 and Nc = 3 for gluonic QCD. In this way one gets, with another
change of variables u = Λ2QCDt
ILUV = CΨΛ
2
QCD
∫ u0
0
du
u2
Θ(u)
(lnu)2
Θ(u) = 1 +
∞∑
n=1
n∑
m=0
amn
[ln(lnu−1)]m
(lnu−1)n
(28)
6The coefficients amn are loop corrections of higher order. In addition we employ the restriction that u0 = Λ
2
QCDt0 < 1
so that the logarithm lnu does not vanish in the integration range of ILUV.
Let us focus on the leading contribution. We perform the integration by two different ways. First, let us rewrite
ILUV as
ILUV = CΨΛ
2
QCD
∫ ∞
lnu−10
du ev
Θ(e−v)
(v)2
. (29)
In the leading order, Θ(e−v) = 1. Introducing a regulator e−v the integral can be easily done to give
ILUV = CΨΛ
2
QCD
{
ex0−x0
x0
− (− 1)Γ(0, x0(− 1))
}
, (30)
where x0 = lnu
−1
0 and Γ(a, z) is the incomplete gamma function. Taking the limit → 0+, one gets
ILUV =
CΨΛ
2
QCD
x0
{ex0 − x0[Chi(x0) + Shi(x0) + ln(−x0)− ln(x0)]} , (31)
where Chi(z) (Shi(z)) is the hyperbolic cosine (sine) integral. By choosing the principal branch of the logarithm, one
has that ln(−x0)− ln(x0) = ipi. Hence taking the real part of ILUV leads us to
ILUV =
CΨΛ
2
QCD
x0
{ex0 − x0[Chi(x0) + Shi(x0)]} . (32)
We observe that ILUV may change sign depending on the values assigned for x0.
Now let us calculate ILUV by another method. We follow closely the discussion in [4]. First let us consider our
calculations in a 2d-dimensional space, which yields
ILUV = CΨΛ
2
QCD
∫ ∞
lnu−10
du e(d−1)v
Θ(e−v)
(v)2
(33)
with the contour of integration running along the positive real axis. Let us consider d as a complex parameter; then
one is interested in analytically continuing the integral to d = 2. When Re[d] < 1 and Im[d] > 0, the integration
contour can be deformed to the contour C depicted in Ref. [4]. On the other hand, when Re[d] < 1 and Im[d] < 0
the contour could be deformed to a contour obtained by reflecting C in the real axis. In this way, the above integral
converges for any value of Re[d] and one can analytically continue Re[d] → 2. The regularization prescription must
be real, as required by Hermiticity of a quantum field theory; this implies that the limit d → 2 can be prescribed as
the average of dimensional continuations to d = 2 ± i, with  → 0+. That means one should take the real part of
the evaluation on the contour C alone at the end of the calculations. The inequivalence of the evaluations on both
contours is connected to the fact that the analytic continuation of the integral to Re[d] > 1 has a branch cut running
along the positive real axis from d = 1 to infinity.
With the aforementioned prescriptions, let us perform the integral in ILUV at the leading order. We split the contour
in two parts C = C1 ∪ C2, with the parametric representations
z1 = re
iθ, 0 < θ <
pi
2
, r = x0
z2 = re
iθ, θ =
pi
2
, x0 < r <∞. (34)
For the first contour C1 one obtains
ILUVC1 = i
CΨΛ
2
QCD
x0
{
−ix0(d− 1)(−Ei(x0(d− 1)) + Ei(ix0(d− 1))) + eix0(d−1) − iex0(d−1)
}
, (35)
where Ei(z) is the exponential integral function. In turn, for the second contour C2 one gets
ILUVC2 = −i
CΨΛ
2
QCD
x0
{
eix0(d−1) + ix0(d− 1)Γ(0,−ix0(d− 1))
}
. (36)
Hence ILUV = I
L
UVC1
+ ILUVC2 . Following the above discussed prescription, one arrives at the same result, namely
Eq. (32). Incidentally, as remarked above, within dimensional regularization this leading contribution vanishes when
7one performs the integral for all values of t. Hence our result should be zero for t0 → ∞, or x0 → −∞. This is
precisely what happens when one takes the limit x0 → −∞ of Eq. (31).
Now let us calculate the contribution of the non-perturbative terms coming from the operator product expansion
of Ψ(x2), which are the second and the third terms of Eq. (23). Using the Fourier transform to identify the position
space correlation function, one finds
ΨOPEUV (x
2) =
b20
256pi4
{
− 4r1
(x2)2
〈αsF 2〉+ 〈gF
3〉
x2
[
c0 − c1
(
ln
(
x2µ2
4
)
+ 2γ
)]}
, (37)
where γ = 0.5772 is the Euler-Mascheroni constant. Hence
IOPEUV =
b20α
2
s
256pi4
{
4b0t0
pi
〈αsF 2〉+ t
2
0
2
[
4(2 + 29γαs) + 29αs
(
ln
(
µ4t20
16
)
− 1
)]
〈gF 3〉
}
. (38)
Finally, collecting our results and recalling that x0 = lnu
−1
0 = − ln(Λ2QCDt0), one has that
1
16piGind
= −pi
2
96
{
4λ2
pi2M4g
G3,01,3
(
M¯2g e
−x0
4
∣∣∣∣ 10, 2, 3
)
+
CΨΛ
2
QCD
x0
[
ex0 − x0
(
Chi(x0) + Shi(x0)
)]
+
b20α
2
s
256pi4
[
4b0e
−x0
Λ2QCDpi
〈αsF 2〉+ e
−2x0
2Λ4QCD
(
4(2 + 29γαs) + 29αs
(
ln
(
µ4e−2x0
16Λ4QCD
)
− 1
))
〈gF 3〉
]}
, (39)
where M¯g = Mg/ΛQCD.
Let us now perform a numerical analysis of the result (39). In evaluating the sum rule, we use the lattice data given
by Ref. [9]. The scalar glueball mass found there is
Mg = 1.71± 0.05± 0.08 GeV , (40)
and the glueball coupling is
λ = 1.1± 0.22 GeV3 . (41)
The mass is consistent with many previous investigations. The glueball coupling turns out to be almost four times
larger than found in a previous related study [17]. Because the glueball contribution to the induced Newton constant
is negative, using a smaller coupling would make the final answer more positive. However, we see no reason not to
use the most recent value as the study of [9] is a significant advance over previous work. On the other hand, for the
OPE coefficients we employ the following given values of the parameters [9, 15]:
〈αsF 2〉 = 0.04 GeV4
〈gF 3〉 = −1.5〈αsF 2〉3/2
µ = 2 GeV
αs = 0.2. (42)
Fig. 1 illustrates the induced Newton’s constant as a function of X0 =
√
t0. The distance interval shown in the plot
corresponds to the range X−10 = 1.8 GeV on the right hand side to X
−1
0 = 2.8 GeV on the left. Because the lattice
calculation utilises a scale of 2 GeV, and reveals a glueball of 1.7 GeV but does not investigate higher states, we quote
our result for a matching scale of X−10 = 2 GeV:
1
16piGind
= 0.0095± 0.0030 GeV2 (43)
Our error bar is determined by examining changes in the input parameters, with the most sensitive being the glueball
coupling λ of Eq. (41).
As Fig. 1 clearly reveals, G is not absolutely constant in the energy range considered, which suggests that there
exists some residual scale dependence in our evaluation. The matching at the scale X0 is not perfect at the energies
which we are working. This could be explained by the fact that the lattice data only reveals one glueball mass and
coupling. When matching at X−10 ∼ 2 GeV, this should capture the bulk of the long distance effect as the glueball
mass is 1.7 GeV. However, when the matching takes place at higher energy, the presence of extra glueball excited states
probably would be relevant. Because the glueball contribution is negative, this would have the effect of decreasing
the result at short distances, going in the direction of making the matching more independent of the scale. We do
not have a numerical evaluation of this physics, but at least the direction of the effect is correct.
80.35 0.40 0.45 0.50 0.55
0.000
0.005
0.010
0.015
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0.030
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(16πG
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FIG. 1: G−1ind as a function of the matching scale X0. The values of X0 are in units of GeV
−1, and the vertical axis is in units
of GeV2.
5. DISCUSSION
The evaluation of the Adler-Zee sum-rule is an exercise in the study of QCD, but one which may have some
implications for gravitational theories. The resultant shift in the effective Planck mass is by an amount which is
typical of the QCD scale (of course) and positive. The expected scaling of the various ingredients are such that the
result would stay positive for SU(N) theories with larger values of N.
An early previous evaluation [18] also yielded a positive value of the induced Planck mass. This evaluation subtracted
off the perturbative result, defined a finite energy sum-rule for the remainder, and modeled the spectrum. Our result
uses lattice data rather than models and more properly includes the perturbative contribution.
In addition to the induced contribution to the Planck mass, we expect a contribution to the cosmological constant,
given in Eq. (1). The standard value for the gluon condensate yields a value of
Λind = −0.0034 GeV4 . (44)
for two light quark flavors. However, the value of the gluon condensage is not firmly known. Indeed, Holdom has
given arguments that the gluon condensate could vanish, drawing attention to the absence of both experimental and
theoretical evidence for a nonvanishing gluon condensate in massless QCD [19]. Some of the difficulty in direct lattice
calculations is the presence of a dimensionful cut-off for the lattice, and also disentangling the gluonic contribution
from that of massive quarks. If this assertion is correct, it would have important implications for the use of induced
effects in gravity theories. Our induced shift in the Planck mass remains positive and within the quoted error bars if
we set the gluon condensate to zero.
It is evident from the derivation that shift in the value of G due to QCD is only valid for wavelengths greater than
the QCD scale. For shorter wavelengths the effect is different, and the effective value of G above the QCD scale will be
9different. Moreover the effect on the graviton propagator, defined by the graviton two-point function, will be a more
complicated function of the momentum, including the development of imaginary component, bringing in the Lee-Wick
mechanism [20–22]. While the case of QCD is not likely to be of phenomenological importance, because the QCD
scale is so far below the Planck scale, if there are other strongly interacting gauge theories at much higher energy,
there could be important consequences. Some recent suggestions include the interactions of the spin connection [12]
and even of the gravitational field itself [13]. These effects deserve further study.
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Appendix - The cosmological constant sum rule
In this Appendix we elucidate the mismatch involving a two-point representation for the cosmological constant,
where the works of Novikov et al (NSVZ) [6] and of Brown and Zee [14] yield sum-rules that differ by a factor of two.
For QCD, the correct one is that of NSVZ, which reads
Λind = − i
16
∫
d4z〈T{T¯ (z)T¯ (0)}〉 = − b0
32
〈αs
pi
F aµνF
aµν
〉
. (45)
where
b0 =
11
3
Nc − 2
3
Nf .
Here Nf is the number of quark species in the theory. For purely gluonic QCD one has Nf = 0 and Nc = 3.
The equality on the right side is the sum-rule identity given by NSVZ, and we have used Eq. (1) to relate that
result to Λind in order to obtain the equality on the left side. The sum-rule of Brown and Zee corresponds to the
left-hand equality but with a coefficient that is twice as large, with the i/16 being replaced by i/8.
The issue hinges on the two-graviton coupling called τµν,αβ(x) in Eq. (7). When Brown and Zee expand the action
they include only the linear coupling hµνTµν . By matching the resultant Lagrangian to that of a cosmological constant,
their sum-rule is obtained. We can see how this is changed by including the two graviton coupling. First let us exhibit
the representations for Λind. Recalling that hµν = (1/4)ηµνh, one has that
√−g = 1 + (1/2)h + (1/16)h2. Since√−gL(0)eff [gµν ] = −
√−gΛind, comparison with Eq. (10) leads to the following representations for the cosmological
constant:
Λind =
1
4
〈T (x)〉
Λind = −1
4
ηµνηρσ〈τµν,ρσ(x)〉 − i
8
∫
d4z〈T{T¯ (z)T¯ (0)}〉. (46)
The second of these is the correct sum-rule in a generic theory. The result of Brown and Zee is obtained if one drops
τµν,ρσ. However, in Yang-Mills theories, the two-graviton coupling does contribute, and resolves the discrepancy in
the sum-rules. The Yang-Mills Lagrangian in a generic curved background is given by
√−gLYM =
√−g
[
−1
4
F aµνF
aµν
]
, (47)
where the index a is summed over the generators of the gauge group G. The field strength is given by
F aµν = ∂µA
a
ν − ∂νAaµ + gfabcAbµAcν (48)
where fabc are the structure constants of G. For weak fields the metric can be expanded using gµν = ηµν + hµν . One
finds that
√−gLYM = −1
4
F aµνF
aµν − 1
2
hµνTµν +
1
4
hµνhαβτµν,αβ +O(h3) (49)
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where the energy-momentum tensor for the Yang-Mills field in Minkowski space-time is given by
Tµν = −F aλµF aλν +
1
4
ηµνF
a
αβF
aαβ . (50)
In addition, the tensor τµν,αβ reads
τµν,αβ = −2ηανFaλµF aλβ − F aµαF aνβ +
1
4
PαβµνF aγδF aγδ + ηαβF aκµF aκν (51)
where
Pαβµν = 1
2
(ηαµηβν + ηανηβµ − ηαβηµν). (52)
Now let us prove the result (45). In order to calculate Λind, one needs an expression for T (x). With the introduction of
a dynamical scale-invariance breaking, one gets T (x) 6= 0. This is the well-known trace anomaly. The trace anomaly
formula for pure QCD is given by [see Ref. [4] and references cited therein]
T (x) =
β(g)
2g
F aµνF
aµν , (53)
where β(g) is the renormalization-group beta function, which in the lowest order is given by
β(g) = −1
2
bg3. (54)
In this way one also finds
ηµνηρστµνρσ =
β(g)
2g
F aγδF
aγδ = T (x). (55)
In Eqs. (53) and (55) it is to be understood that F aµν is the renormalized field strength. From the first of the relations
presented in Eq. (46), one gets
Λind = − b0
32
〈αs
pi
F aµνF
aµν
〉
. (56)
Now let us discuss the two-point representation for the induced cosmological constant. Using the sum rule derived in
Ref. [6], which states that
i
∫
dz〈T{T¯ (z)T¯ (0)}〉 = b0
2
〈αs
pi
F aµνF
aµν
〉
(57)
it is easy to see that the second of the relations presented in Eq. (46) produces the same result for Λind. This proves
our assertion.
We do not evaluate the cosmological constant sum-rule numerically because of the possibility of delta function
OPE contributions to the position space sum-rule [7]. Because of the extra powers of x2, these do not influence the
Adler-Zee formula, but they would enter into the cosmological constant sum-rule. For the cosmological constant,
Eq. (1) is still the most reliable estimate.
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